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Abstract
We show that, for the scalar field cosmology with exponential potential, the set of values of the
coupling parameter for which the solutions undergo a transient period of acceleration is much larger
than the set discussed in the literature. The gradual inclusion of ordinary and dark matters results in an
everywhere, but near the origin, smoother and right shifted (along the time axis) acceleration curve.
For the 3-fluid problem, the energy density need not exhibit a plateau during the acceleration period.
Much excess in the dark matter and/or ordinary matter energy densities would lead the universe to
undergo an eternal deceleration expansion. For the 3-fluid problem with a single exponential potential
we conclude that the Big Bang Nucleosynthesis constraint is not fulfilled if the universe is to undergo
a transient period of acceleration. The 3-fluid model remains a good approximation for the description
of large scale structures.
PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x, 04.25.D-
1 The problem
To account for the present period of acceleration of the universe many models have been suggested so
far [1]- [21]. In this work we are concerned with the models corresponding to spatially flat Friedmann-
Roberston-Walker (FRW) universes where the source is (1) a homogeneous scalar field coupled to ex-
ponential potential [representing dark energy (DE)] [8, 14] and references therein or (2) a homogeneous
scalar field coupled to exponential potential along with the dark matter (DM), which is modeled by a
dust fluid, and a perfect fluid representing ordinary matter (OM) [20] and references therein, ignoring
any explicit coupling of the scalar field to OM or to DM [18], [19] and [21]. This is the so-called 3-fluid
problem.
The problem of a scalar field coupled to exponential potential has been solved in d-dimensional by
decoupling the system of equations governing the dynamics [8]. If the potential is of the form V (φ) =
V0 exp(−κλφ) where φ is the scalar field, the solutions have been classified according to the coupling
constant λ [14]. The problem with a piecewise exponential potential in 4-dimensional has also been
solved [14].
The 3-fluid problem that involves a scalar field (DE), a dust fluid (DM) and a perfect fluid has been
treated analytically in [20]. The method developed in [20] and references therein that is based on the
Noether symmetry assumptions [22, 23] has led, as was shown later in [24], to a flawed solution to the
3-fluid problem, in that the solution derived in [20] does not satisfy the field equations.
Thus, to our knowledge both problems of deriving analytic solutions or developing new methods
to tackle to 3-fluid problem remain open. As we shall see below, even the linear case is not easy to
handle. The purpose of this work is to provide numerical solutions to the 3-fluid problem with exponential
potential and compare them to the solutions of the scalar field problem with similar potential.
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To write explicitly the solutions for the normal (not phantom) scalar field problem we use a slightly
different notation but the same conventions as in [14]. First, we transform to the new variables and
constants (which amounts to take κ =√3):
λnew =
√
3λ , φnew = κφ/
√
3, V0new = κ2V0/3, ρnew = κ2ρ/3, (1)
where ρ is (any) energy density, then we drop the subscript “new”. With this new notation, the potential
takes the form V (φ) = V0 exp(−λφ). For the case of the scalar field alone we use the subscript s to
denote any variable. For instance, we write Vs =V0 exp(−λφs) and H2s = ρs for the scalar field problem
and V (φ) =V0 exp(−λφ) and H2 = ρ for the 3-fluid problem.
Consider the flat (k = 0) FRW cosmological model for the universe ds2 = dt2−a2s (t)d~x2. The equa-
tions governing the motion of (as,φs) are the FRW equation H2s = ρs and the Klein-Gordon one, where
ρs is the energy density and Hs = a˙s/as is the Hubble variable (x˙ = dx/dt)
a˙s
2
a2s
=
˙φs2
2
+V0e−λφs (2)
¨φs +3 a˙s
as
˙φs−λV0e−λφs = 0. (3)
The solutions are called hyperbolic if λ < 3
√
2 or trigonometric if λ > 3
√
2 [14]. If we let as = eUs/3,
φs =
√
2Ws/3, α =
√
18−λ 2/(3
√
2), β =√λ 2−18/(3√2), and ℓ± = 6/(6±
√
2λ ) the hyperbolic and
trigonometric solutions are given by, respectively
Us = 2τ/α + ℓ− ln(1+me−2ατ)+ ℓ+ ln(1−me−2ατ) (4)
Ws =
√
2λτ/(3α)+ ℓ− ln(1+me−2ατ)− ℓ+ ln(1−me−2ατ) (5)
Us = ℓ− ln[cos(βτ)]+ ℓ+ ln[sin(βτ)] (6)
Ws = ℓ− ln[cos(βτ)]− ℓ+ ln[sin(βτ)], (7)
where we have omitted additive constants. Here m is a real constant and τ is the new time coordinate
defined by
τ˙ =
3
2
√
V0e−
√
2λWs/6. (8)
If m 6= 0, then m may be set equal to ±1 by shifting the values of τ . For all λ < 3√2, it is straightforward
to show that the range of τ extends from a finite value (usually taken 0) to infinity, and for λ > 3√2,
0 < τ < pi/(2β ).
The 3-fluid problem is also governed by the same Klein-Gordon equation (3) (with the subscript s
removed) and by the FRW equation H2 = ρ with H = a˙/a and ρ = ρφ +ρDM +ρOM is the sum of the
energy densities of the three fluids (scalar field, dark and ordinary matters). If the scalar field is normal,
its energy density is given by
ρφ =
˙φ2
2
+V0e−λφ . (9)
The DM is treated as a pressureless dust while the OM is a perfect fluid with an equation of state
pOM = (γ−1)ρOM (1≤ γ ≤ 2). (10)
Using the three conservation equations (for each fluid T µν ;ν = 0 where T µν is the stress-energy tensor)
and (10), one arrives at [20]
ρOM =Ca−3γ , ρDM = E/a3, (11)
2
where C ≥ 0 and E ≥ 0 are integration constants. The 3-fluid problem reduces to that of the scalar field
if C = E = 0. The equations of motion take the form1
aa˙2− 1
2
a3 ˙φ2−V0a3e−λφ −Ca−3(γ−1) = E (12)
¨φ +3 a˙
a
˙φ −λV0e−λφ = 0. (13)
Now we set a = eU/3 and φ =√2W/3 reducing the system to
9Ee−U = ˙U2− ˙W 2−9V0e−
√
2λW/3−9Ce−γU (14)
2 ¨W +2 ˙U ˙W −3
√
2λV0e−
√
2λW/3 = 0. (15)
As noticed earlier, if C = E = 0 the system (12) and (13) reduces to that of the scalar field problem, which
is decoupled upon introducing the new variables (us,vs) such that Us = vs +us and Ws = vs−us and using
the time τ defined in (8) [8]. It does not seem easy to decouple the system for C 6= 0 and E 6= 0, the case
to which we are interested.
For the purpose of the numerical analysis we are aiming to perform, it is not convenient to introduce
a new time coordinate τ defined by τ˙ = 32
√
V0e−
√
2λW/6
. Rather, we will use the same time τ as defined
in (8). This will allow us to compare solutions to both problems with the same initial conditions. The
system (14) and (15) takes the form (where ′ = d/dτ)
4Ee−U+
√
2λWs/3 =V0U ′2−V0W ′2−4V0e−
√
2λ(W−Ws)/3−4Ce−γU+
√
2λWs/3 (16)
6W ′′−
√
2λW ′sW ′+6U ′W ′−4
√
2λe−
√
2λ(W−Ws)/3. (17)
It is possible by a perturbation approach to decouple the system (16) and (17) if we assume that
the independent constants C and E are small enough to allow for such an approach. In fact, writing
U = Us +UCC +UEE + · · · and W = Ws +WCC +WEE + · · · it is possible to determine the four time
functions (UC,UE ,WC,WE ), however, their expressions are sizable and a numerical analysis is needed
anyway. We would prefer applying a numerical approach to the full nonlinear system (16) and (17) where
we can consider large values of C and E .
A phase-space analysis of the system (12) and (13) has been performed in [25] and has led to specific
solutions (power law inflationary solutions) that provide the late-time attractors or the early-time repellers.
However, more other interesting solutions can only be determined numerically as was the case with
quintessential cosmological models [23].
2 Numerical solutions
For the scalar field problem, it was noticed in Ref. [8] that the energy density exhibits a plateau during
the transient period of acceleration (TPA). We verify that this statement remains valid for at least2 √6 <
λ < 3
√
2 and λ > 3
√
2. However, the existence of a plateau for the energy density does not ensure
the occurrence of a TPA: We have noticed the existence of solutions, as are the cases for λ =
√
2 and
λ = 2/
√
3, with no TPA but (twice) the kinetic energy vanishes at the point where the energy density has
a plateau and the potential energy is maximum. For instance, for λ =
√
2 a plot of the energy density
(with a plateau at τ = 0.935), potential and kinetic energies is identical to figure 1 of Ref. [8]. Thus, the
1The second term in Eq. (20) of Ref. [20] should read −εka3 ˙φ2/2.
2Because of different conventions, the values of (λR,V0R) used in [8] are such that λ =
√
6λR and V0R = 6V0.
3
clarification provided in [5] as to the origin of the TPA lacks support within the scalar field cosmology
itself. As we shall see below, in the extended scalar field cosmology, that is the 3-fluid cosmology, the
energy density need not exhibit a plateau during the TPA as Fig. 1 reveals.
For all solutions discussed in this section we choose V0 = 1 and γ = 1.5 and we plot in dashed line
(analytic) solutions to the scalar field problem and in continuous line (numerical) solutions to the 3-
fluid problem. Our initial conditions are U(τ0) = Us(τ0), W (τ0) = Ws(τ0) and W ′(τ0) = W ′s (τ0) with
τ0 = 10−10.
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Figure 1: Case λ = 2
√
2 and γ = 1.5 with m = 1. (a) (upper left): The energy densities ρ = H2 for C = E = 1 and ρs = H2s .
ρs has a plateau around τ = 0.65. ρ exhibits no plateau where the acceleration occurs. (b) (upper right): The accelerations a¨ for
C = E = 1 and a¨s. a¨s is maximum at τ = 0.72. (c) (lower): a¨ for C = E = 100.
We start by discussing the solution plotted in figure 1 of Ref. [8] for which λ = 2
√
2. For C = E = 1
Fig. 1 (b) shows plots of a¨s and a¨ which both exhibit three phases: deceleration-acceleration-deceleration
(DAD). For larger values of the constants C = E = 100 as in Fig. 1 (c), the TPA is right-shifted and the
acceleration is smoothed. For much larger C and E the acceleration is completely smoothed, except near
the origin, and the solution no longer exhibits the DAD phases; rather, it exhibit an eternal decelerated
expansion [an example is shown in Fig. 3 (c) for λ = 5.] In Fig. 2 we have similar plots for λ = 3.
Curiously enough, the trigonometric solutions (6) and (7) were not discussed deeply in the litera-
ture [8, 14]. Contrary to a statement made in [14] which claims that these solutions exhibit only the
deceleration-eternal acceleration (DA) expansions, we have checked that for λ > 3√2 up to (and above)
λ = 100 these solutions do indeed exhibit the DAD expansions, as the dashed plot in Fig. 3 (a) depicts.
Moreover, the acceleration period coincides with a plateau for the energy density. Numerical solutions
to the 3-fluid problem are plotted in Fig. 3 showing the acceleration for increasing values of the con-
stants. The acceleration phase disappears as the constants increase and the solution ends with an eternal
decelerated expansion.
We have checked that the conclusions drawn for the case γ = 1.5 extend to the case γ = 1.9 and most
probably to all 1≤ γ ≤ 2.
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Figure 2: Case λ = 3 and γ = 1.5 with m = 1. (a) (upper left): a¨ for C = E = 1 and a¨s. (b) (upper right): a¨ for C = E = 10.
(c) (lower): a¨ for C = 1, E = 100.
3 Fine tuning problems and agreement with present observations
Using the dimensionless variables [26]
x =
˙φ√
2H
, y =
√
V
H
, z =
√ρOM
H
, w =
√ρDM
H
, (18)
which are invariant under transformations (1), we bring the dynamical equations of the 3-fluid problem
to the following system of three linearly independent autonomous differential equations [25] [with N =
lna(t)]
dx
dN =
√
1
2
λy2−3x+ 3
2
x[1+ x2− y2 +(γ−1)z2], (19)
dy
dN =−
√
1
2
λxy+ 3
2
y[1+ x2− y2 +(γ−1)z2], (20)
dz
dN =−
3
2
γz+ 3
2
z[1+ x2− y2 +(γ−1)z2], (21)
x2 + y2 + z2 +w2 = 1. (22)
In terms of the phase-space coordinates, the deceleration parameter q ≡ −a¨/(aH2) is such that 2q =
1+ 3[x2− y2 +(γ − 1)z2] and the density parameters are given by Ωφ = x2 + y2, ΩOM = z2, ΩDM = w2
and obey the conservation equation Ωφ +ΩOM +ΩDM = 1.
The modified standard Big Bang Nucleosynthesis (BBN) [27,28] puts constraints on Ωφ [27]- [29] at
temperatures T near 1 MeV [27, 28]:
Ωφ (1MeV)< 0.045. (23)
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Figure 3: Case λ = 5 and γ = 1.5. (a) (upper left): a¨ for C = E = 1/100 and a¨s. (b) (upper right): a¨ for C = E = 1/10. (c)
(lower): a¨ for C = E = 1.
This corresponds to a constraint on the value of λ [27, 28]: λ > 9
√
3, thus only the trigonometric so-
lutions (6) and (7) are concerned [here λ is our new variable defined in (1)]. The other constraints are
also observational and correspond to the present density parameters at the present age t0, which are, ac-
cording to the last and most accurate observations [30], Ω0φ = 0.721±0.015 and Ω0 = Ω0OM+Ω0DM =
0.279±0.015, where Ω0 is the present total matter density parameter. We will work with the values:
Ω0φ = 0.721, Ω0OM = 0.03, Ω0DM = 0.279−0.03 = 0.249, (24)
which are within the limits of observational errors. From now on, we will set a0 ≡ a(t0) = 1 [By this last
choice the constants in (11) are the present densities: C = ρ0OM, E = ρ0DM].
We use the observational constraints (24) as initial conditions (at the present age, N = 0) to solve
numerically the system (19) to (21). Figures 4 and 5 are plots of twice the deceleration parameter and
of the density parameters for λ = 10
√
3 and γ = 1. By the fine tuning that the constraints (24) define,
the universe may be undergoing a TPA which is nearing its end, as Fig. 4 shows, or it has just started
undergoing a TPA, as Fig. 5 shows. If observations could reveal that q is increasing at the present age
or that the total matter density parameter Ω0 is nearing its minimum value as in Fig. 4, then the TPA
would be nearing its end; otherwise, the TPA would be a recent event in the history of the universe. In
both figures, 4 and 5, the evolution of the universe approaches that of a late-time attractor [25] defined by
Ωφ = 9/λ 2 (according to the notation of [25], this is the family of attractors J).
In figures 4 and 5 we have considered the case γ = 1 where OM behaves as a dust. Moreover, we
have ignored the radiation-dominated era which we could include in a more realistic model as follows.
The epoch of matter-radiation equality [31] corresponds to Neq = lnaeq =− ln(24000Ω0h2) =−8.15226
where we take h = 0.72. Now, since our initial conditions (24) are taken at the present age where ra-
diation is no longer the dominant component, the solutions shown in figures 4 and 5 will remain almost
unchanged for N >Neq. For N <Neq, the density and deceleration parameters will be (slightly) decreased.
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Figure 4: Case λ = 10√3 and γ = 1 with the constraints (24): End of the TPA. (a) (upper left): Plot of 2q. The end of the
TPA appears near the present age t0 (the plot crosses the N axis at N = +0.007 and at another negative value of N). (b) (upper
right): Plot of Ωφ . At the present age (N = 0) Ωφ is nearing its maximum value and then it will decrease to the attractor value
9/λ 2 = 0.03. (c) (lower left): Plot of ΩOM. At the present age ΩOM is nearing its minimum value and then it will increase to
the attractor value 0.104301. (d) (lower right): Plot of ΩDM. At the present age ΩDM is nearing its minimum value and then it
will increase to the attractor value 0.865699.
With the constraints (24) imposed, the 3-fluid problem describes well some features of the history
of the universe and predicts a TPA at the present age. In our numerical analysis, the present kinetic
density x20 remains a free parameter constrained by −
√
0.721 < x0 <
√
0.721. However, varying x0
within these limits results mainly in shifting left/right the plots in figures 4 and 5. For instance, we
took x0 = 0.4 and x0 = −0.4 in Fig 4 (a) and Fig 5 (a), respectively. Thus, the BBN constraint (23)
is satisfied neither in the scalar field problem nor in the 3-fluid problem if the model with the single
exponential potential is to predict a TPA. Said otherwise, had we chosen the initial conditions so that
at the BBN epoch (NBBN ∼ −20.7) Ωφ (1MeV) < 0.045, we would have no TPA at any age following
the BBN epoch [23]. This is the result achieved in [14] where the trigonometric solutions given there
do not exhibit any TPA but do satisfy the BBN constraint (23). Our trigonometric solutions (6) and (7)
exhibit a TPA because of their extended dominated kination period that prevents the realization of the
BBN constraint (23).
The conclusion we can draw from figures 4 (b) and 5 (b) is that, for the single exponential potential,
the kination period, necessary for the occurrence of a TPA, extends beyond the matter dominated era.
This has led some authors to modify the potential form and to introduce an interaction term between the
dark components [21]. As figures 5 and 6 of Ref. [21] show, the solutions derived there fulfill the BBN
constraint (23) and undergo a TPA at the present age. For N ≥ 0, our solutions depicted in figures 4 and 5
are in excellent agreement with those depicted in figures 5 and 6 of Ref. [21].
7
-0.5 -0.2 0.4 0.8 1
N
1
2
3
2q
-1 -0.5 0.5 1 1.5
N
0.2
0.4
0.6
0.8
WΦ
-1 -0.5 0.5 1 1.5
N
0.02
0.04
0.06
0.08
0.1
WOM
-1 -0.5 0.5 1 1.5
N
0.2
0.4
0.6
0.8
WDM
Figure 5: Case λ = 10√3 and γ = 1 with the constraints (24): Beginning of the TPA. (a) (upper left): Plot of 2q. The
beginning of the TPA appears near the present age t0 (the plot crosses the N axis at N =−0.005 and at another positive value of
N). (b) (upper right): Plot of Ωφ . Ωφ has just assumed its minimum value near the present age (N = 0). (c) (lower left): Plot of
ΩOM. ΩOM has just assumed its maximum value near the present age. (d) (lower right): Plot of ΩDM. ΩDM has just assumed
its maximum value near the present age.
4 Discussion
Solutions to the scalar field problem already predict the DAD expansions for the cosmological evolution
of the universe for a wide range of λ . Solutions to the 3-fluid problem add new dimensions: The param-
eters C and E along with λ allow for fine tuning and horizontal and vertical shifting of the acceleration
and density curves to fit observational data. Excess in the OM density (C large) or/and the DM density (E
large) results in a smooth acceleration curve, except near the origin, exhibiting no DAD phases; rather,
the universe would undergo an eternal deceleration expansion.
The BBN constraint Ωφ (1MeV) < 0.045 is satisfied neither in the scalar field problem nor in the
3-fluid problem if the model with the single exponential potential is to predict a TPA.
Solutions with two and probably more TPA’s do exist and make the subject of Ref. [25].
In figures 4 and 5 we have considered the case γ = 1, which is one of the three physical scenarios
that the 3-fluid model may fit. As stated in [25], by neglecting all types of interactions, particularly that
of visible matter, we restrict the application of the 3-fluid model to beyond the epoch of matter-radiation
decoupling, which corresponds to a redshift zdec = 1099.9 [31]. Thus, for z < zdec, the model fits well the
following three physical scenarios based solely on the value of γ .
1. γ = 1. The epoch of matter-radiation equality [31] corresponds to a redshift zeq = 24000Ω0h2−1=
3470.2 where we take h = 0.72. With z < zdec it is a good approximation to neglect radiation.
The pressureless barotropic fluid represents baryons if the nonrelativistic approximation is valid
(kBTb/(mbc2)≪ 1) since in this case the pressure and density obey [25]: pb = nbkBTb ≈ 0 and
ρb = mbc2nb + 3nbkBTb/2 ≈ mbc2nb where nb is the number density and mb is the rest mass. In
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this case, there are two pressureless components, the DM and baryons, with a total relative density
Ω0 = 0.279 at the present age.
2. γ = 4/3. In this case the components of the universe are regrouped in a way that the barotropic
fluid represents radiation, the DM and baryons together make up the pressureless component with
a total relative density Ω0 = 0.279, a baryonic density Ω0b = 0.04−0.05 and a DE density Ω0φ =
0.721 [30] at the present age.
3. γ < 2/3. This is the case where the universe may undergo (at least) two TPA’s and two TPD’s.
Solutions with two TPA’s make the subject of Ref. [25]. In this case the barotropic fluid, as the
scalar field, has a negative pressure too. Arguing that each component with negative pressure causes
a TPA to occur in the history of the universe, we may consider the barotropic fluid as another source
of DE. Both sources of DE acting together can be understood as a rough approximation to a more
general and elaborate source of DE.
However, to have a faithful description of the evolution of the universe one should introduce an
ordinary matter or baryonic component ρb (radiation may be neglected). For a pressureless matter
component all that one needs is to add the extra equation
u′ = 3u[x2− y2 +(γ−1)z2]/2, (γ < 2/3),
to the system (19) to (21) with u =√ρb/H and x2 + y2 + z2 +u2 +w2 = 1.
Structure formation is greatly affected by the DE-DM interaction. While there is no observational
evidence of the existence of any interaction between the two dark components, some authors, however,
arguing that the amounts of DE and DM are comparable at the present age of the universe, have an-
ticipated that and formulated 2- and 3-fluid problems with DE-DM interaction terms [19, 32–35]. The
consideration of the DE-DM interaction has led to achieve the following results concerning structure for-
mation. (1) The DE-DM interaction may cause growths in the density perturbations to occur even during
the TPA [33], which is not possible without the DE-DM interaction term since, during the TPA, gravity
weakens and the perturbation growth ceases. (2) In multiple DM scenarios where the two particle species
of DM have opposite couplings to DE [35], the scalar force does not manifestly affect the large scale
structures provided its strength is of order the gravitational force or lower. Even scalar forces twice or
three times as large as the gravitational one lead to peculiar features which are identified only in the full
nonlinear regime [35]. Thus, up to linear perturbations, the 3-fluid model, we considered here, is a good
approximation for the description of large scale structures.
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